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Abstract

Let u be the self-avoiding walk connective constant on Z¢. We show that the
asymptotic expansion for 8. = 1/u in powers of 1/(2d) satisfies Borel-type
bounds. This supports the conjecture that the expansion is Borel summable.
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Mathematics Subject Classification: 60K35, 8§2B41

1. Introduction

Let Z¢ denote the hypercubic lattice, with nearest neighbour edges. A self-avoiding walk of
length n is a sequence of points wg, wy, ..., @, in 74 such that |w;j — wi41| = 1 and fori # j,
w; # w;. Let ¢, denote the number of self-avoiding walks, up to translation invariance, of
length n on Z%. It is well known that the limit u(d) = lim,_ o cy/" exists [1]; the limit is

called the connective constant. Fisher and Gaunt calculated that [2]
w=2d—1—-1/2d)—3/2d)?*—16/2d)* —102/Q2d)* — - - -.

However, their calculation is somewhat mysterious. Firstly, they leave open the question of
whether or not the expansion can be continued to higher orders of 1/d. Secondly, even though
the error term °..." is left uncontrolled, numerical extrapolation techniques yield surprisingly
accurate estimates for (.

Expansions in powers of 1/d have been developed for many other models in statistical
physics, such as the Ising model [2], percolation [3], lattice animals [4] and the n-vector model
[5]. Finding the coefficients of the expansion is normally computationally intensive. It is
often even more difficult to determine the basic properties of the expansion. What is the radius
of convergence? Is it an asymptotic expansion? Can the expansion be interpreted as a Borel
sum?

The self-avoiding walk is most easily understood in high dimensions. As d — oo, paths
in Z¢ with large loops become relatively rare. It is therefore useful to consider a walk with only
local self-avoidance. Say that wy, ..., @, is a memory-t self-avoiding walk if w (i) # @ (j)
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for 0 < |i — j| < 7. Let ¢!” denote the number of n-step memory-t walks, up to translation
invariance, and let 1, (d) = lim,_(c{"”)!/". Using memory-4 self-avoiding walks as a
starting point (taking into account loops of size 2 and 4) Kesten showed that [6]

w(d) =2d —1—1/2d) +0(/d%).

By considering finite-memory self-avoiding walks with longer memories, the order of the error
bound can be improved. However, not only is this method extremely computationally taxing,
it also provides no guarantee that the resulting expansion will only contain integer powers
of d.

The series expansion for pu was placed on a much firmer footing by Hara and Slade
using the lace expansion [7]. The lace expansion is a powerful technique for exploring the
properties of the self-avoiding walk in dimensions d > 4; we refer the reader to [8] for a
recent introduction. Hara and Slade showed that the connective constant u has an asymptotic
expansion in integer powers of 1/(2d) to all orders, with all the coefficients taking integer
values.

We will actually phrase their result in terms of the series expansion for the reciprocal
of u(d). The quantity 8. = 1/u(d) is the radius of convergence of the self-avoiding walk
susceptibility x (z) = >_ ¢,z". For convenience, set s = 1/(2d). Hara and Slade showed that

there are constants («,,) such that for M = 1,2, ..., [7],
M-1
Be(s) = > arys" +O(sM). (1.1

n=1
They also verified rigorously that the first six terms in the expansion match the exact calculation
of Fisher and Gaunt.

The lace expansion can be used to automate the process of calculating the coefficients
of the asymptotic expansion for 8. and . The computational complexity of the process is
reduced using a combinatorial trick known as the two-step method. Using a supercomputer to
implement the two-step method, the first 13 coefficients of B, have been found [9],

1,1,2,6,27, 157, 1065, 7865, 59 665, 422421, 1991 163, —16 122 550, —805 887 918.
(1.2)

It is not known, but it is widely believed, that the radius of convergence of the expansion for
B is zero. We will show that the partial sums satisfy Borel-type bounds. Borel summability
raises the prospect of calculating u from the series expansion even if the radius of convergence
is zero.

Theorem 1.3. There exists a constant Cy such that for all d

M—1
Bos) = Y aus"| < CHsMMI, M =1.2,.... (1.3)
n=1

The motivation for theorem 1.3 is discussed in section 2. In section 4, we use the lace
expansion to derive a formula for the «,. This formula is used in section 5 to control the
growth of the o, as n — 00. In section 6, we consider the diagrammatic estimates for the lace
expansion. Finally, in section 7 we prove theorem 1.3.

2. Borel summability and the spherical model

In light of theorem 1.3, it is natural to ask if 8. can be recovered from «, by means of a Borel
sum. Let B denote the Borel transform of the asymptotic expansion for S ; B is well defined
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(see lemma 5.1) in a neighbourhood of zero by

B(t) =) _ant"/n!.

n=1

We conjecture that B can be extended analytically to a neighbourhood of the positive real axis,
and that B.(s) is equal to the Borel sum

1 o0
Zans” = —/ e /S B(t) dr.
S

0

There are two reasons for making this conjecture. Firstly, with R > 0, let Cg := {7 € C :
Re z~! > R~'} denote the open disc in C with the centre R/2 and the diameter R. Suppose that
B. can be extended to an analytic function on C such that (1.3) holds for all s € Cg. Under
this assumption, the Borel sum is well defined in Cg and equal to B. [10]. Unfortunately, it is
not clear how to extend f. to an analytic function on Cg. Interpreting the Borel sum remains
an open problem.

Secondly, there is the case of the spherical model, which is a spin system defined on Z.
There is a surprising connection between the spherical model and self-avoiding walk; both are
identified with limits of the n-vector models (also known as the O(n) model). The n-vector
model is defined for positive integer values of n; for example, the Ising model corresponds
to n = 1. The model has been studied extensively by scientists; many aspects of the models
have been solved ‘exactly’ [11]. De Gennes ([12] and [1, section 2.3]) showed that in an
abstract sense, the self-avoiding walk can be viewed as the ‘limit’ of the n-vector model as
n — 0. Stanley showed that as n — oo, the free energy of the n-vector model approaches the
spherical model free energy [13]. The spherical model is thus said to be the limit as n — oo
of the n-vector model.

There is an exact solution K.(d) for the critical point of the spherical model. Gerber and
Fisher show that K.(d) can be written as a 1/d expansion [5]; it is a rare example of a 1/d
expansion about which a great deal is known. They prove that while the radius of convergence
of the expansion is zero, the expansion can be interpreted as a Borel sum [5, (2.14)]:

o0

K, .
K.(d) = Z 2y with Borel transform Z

K, x"

n!

Borel n=1

Note that the signs of the coefficients (K},) oscillate. The first 12 coefficients are positive, the
next § are negative, the next 9 are positive; the pattern of signs goes

12,8,9,9,9,9,9,9,9,10,9,9,9,9,9,9,9,9,9,9,9,9,10,9,9,9,9,09,....

This oscillation is related to the fact that the Borel transform has no poles on the positive real
axis. We saw in (1.2) that the coefficients ¢, for the self-avoiding walk also show a change of
sign. The first 11 are positive; o1, and o3 are negative.

3. Notation

Given a generating function ¢ (8), we will write [8"]¢ (8) to denote the coefficient of §".
We will refer to the fact that (n/e)” < n! < n" forn = 0,1,2... as Stirling’s
approximation.
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4. From lace expansions to asymptotic expansions

The lace expansion can be thought of as a sum of inclusion/exclusion terms. For a derivation
of the lace expansion, see [8, section 3.2]. The finite memory self-avoiding walks will play
a vital role in the proof of theorem 1.3. For a derivation of the lace expansion for memory-t
self-avoiding walk, see [14].

A lace of type N and length a is a sequence of open intervals (s, #1), ..., (Sy, txy) such
that

(i) s; and ¢; are integers with0 < t; — s5; < T,
(i) sy =0and ty = a,
@ii) fori =1,..., N — 1, (s;, t;) intersects (s;;1, t;4+1), and
(iv) if [i — j| > 1, (s;, ¢;) and (s}, t;) are disjoint.
For example, (0, 4), (3,5), (4,6) isalaceif r > 4.
A simple walk w(0), w(1), ..., w(a) starting from 0 is said to be compatible with the
lace (s1, t1), ..., (sn, ty) if each interval corresponds to a loop:
w(s;) = w(t) for i=1,...,N,

and if certain self-avoidance constraints are satisfied.

(1) w(0),...,w( — 1) is amemory-t self-avoiding walk.
(i) w(1),...,w(t, — 1) is a memory-t self-avoiding walk (for N > 2).
(iil)) w(ti-2), ..., w(t; — 1) is a memory-t self avoiding walk (for 3 < i < N).

Let 7V (x; 7) count the number of a-step simple walks from O to x that are compatible
with a memory-t type-N lace. The lace expansion is defined as

o0 o0
Mg(x; 1) = Z(—l)Nl'Ing)(x; 7) where l'[ng)(x; T) = Z n(fN)(x; 7)B°.
N=1 a=N+1

The Fourier transform for functions f : 7 - Ris given by

TR =>"f@e ™ kel-mal

We will write &M (k; 1), f[;,N) (k; T) and 14 (k; 7) for the Fourier transforms of 7V (x; 1),
l'I/(gN) (x; 7) and ITg(x; T), respectively.

The starting point in our analysis will be [7, (2.2)]. Let 8; = 1/u., and take foc = Bc.
When d is sufficiently large, for 7 finite and 7 = oo,

Br = s(1 — T4 (0; 1)). 4.1)
In this section, we will use this formula to derive series expansions for ;.

The definition of the lace expansion respects the symmetries of the underlying lattice.
There are 2¢d! ways of choosing an ordered orthonormal basis for R? from the set Z¢. Each
simple walk in 74 with dimensionality D is equivalent to 2d (2d — 2) - - - (2d — 2D + 2) other
walks under the action of this group of symmetries.

Let f;(a, N, D) count the number of equivalence classes of the set of simple walks in
ZP that have dimensionality D, length a, and are compatible with memory-t laces of type N.
Ifa < 2D, f;(a, N, D) = 0. Therefore, we can write the number of walks compatible with

memory- laces of length a and type N in Z¢ as a polynomial in powers of s~' = 2d:
la/2] a—1
> fi@a.N.D)2d(2d —2)---(2d —=2D+2) = Y capns"
D=1 b=[a/2]
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Let/ ={(a,b):b=1,2,...;a=b+1,...,2b} and set

cab =Y (=D""equpn, (a.b)el.

The ¢, , depends implicitly on 7, but ¢, 5 is fixed once T > a. Using this notation to rewrite
(4.1) yields a formal power series,

Be=s|1+ > Blcaps"™
(a,b)el

= s[l + ﬂfcz,ls_' + /3363,2s_1 + ﬂf(ugs_' + C4,2s_2) +.e- ] “4.2)

Plugging ‘B, = 0’ into the right-hand side gives ‘8, = s’. Taking ‘8; = s’ and plugging it
back into the right-hand side then gives ‘B; = s + ¢y, 182+ (c32 + C4,2)s3 +- - ; iterating in this
way yields a series expansion for B;:

o]

B = E pSyp =8+ cz,1s2 + (2c§ ezt C4,2)S3 + .-

n=I

When v = oo, the «,, ; are exactly the «, that appear in (1.1). Note that the formulae generated
for the o, -,

2
ar. =1, ar=c1, a3:=2+c2+Ca0,

only depend on 7 through the values of the ¢, p.

Lemmad.3. With S, := {(n,p) e N' : Y, bn,p, =n — 1},

o = [Zl‘mab
Z [TT nas!][1+ (@ — D! H

(ng,p)ESH I

The big ¥ in the formula for «, ; is a sum indexed by the elements of the finite set S,; each
element (n, ;) of S, is a sequence indexed by /.

It is a corollary of lemma 4.3 that o, ; = «, if the memory v > 2n — 2. This follows
from the definition of S,. The formula for «, ; only depends on ¢, with b < n — 1. If
(a,b) e I and b < n — 1, thena < 2n — 2. Recall that ¢, ; is defined in terms of laces (and
the corresponding compatible walks) of length a.

Proof of lemma 4.3. Let ¢(B) = 1+ Y, capBs"79. Setting B = > 00 oty 05", (4.2)
becomes

b
¢(B)

The Lagrange—Biirmann series reversion formula [15, theorem 1.2.4] states that
=) Sl e®"
B 2% B 1o (B

Applying the formula yields

k
Zan 5" —Z g (1+Zc bBYs" ) (4.4)

k=1
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Let Ty = {(n45) € N' : 3", n,» < k}; by the multinomial theorem,

. B k! c a b a "”b
<1+anbﬂ ) = Z [H]naqb!](k—zlna,b)flj[abﬂ ]

(nq,p) €Tk

Extracting the coefficient of 5~! from the right-hand side leaves only the terms corresponding
to (ngp) in Uy :={(nyp) € Tx : k— 1=, an,}. From (4.4) we obtain

b—aqngp
Zan rs = Z Z 1—[[ na?b!]( ZI I’lab l—I[Ca bS ]

k=1 (nq,p)eUx

and so

(k_l)' ayian
oy = [s"] Z Z ]_[,naz f’lab l_[[cahsb ]

k=1 (ng, b)EUk

Extracting the coefficient of s” on the right-hand side leaves only the terms with n =
k+Y (b — a)n,,. By the definition of Uy, these are the terms with (n,) € S,. O

5. Factorial bounds on (o, ;)

We can use lemma 4.3 to bound the coefficients (e, ;) of the asymptotic expansions.
Lemma 5.1. There is a constant C, such that |a, ;| < Cyn!.

This is achieved by bounding |c, ;| in terms of b.

Lemma 5.2. Letc, = Zib pr1 |Capl- There is a constant C3 such that ¢, < Cgb'

Proof. The numbers (c, ;) are defined in terms of laces with the length a:
la/2] oo
leasl < Y D fela, N, D) x |[s" s~ (57" —=2) -+ (57 —2D +2)].
D=a—b N=1
The number of walks of length a in ZP is (2D)4, so that

@2D)“

oo
D fe@ N.D) <

N=1

The absolute value of [s?¢]s~'(s~! = 2)--- (s~' = 2D +2) is at most

[s*~¢1s™ ' +2D)P = (2D)D+“( b b), D=a-— , la/2].
a—
Therefore (as D < |a/2] < b
la/2] a la/2] b ~D+b
(2D) pevaf D\ _ 2°p
lcasl < D 551 2D) (a—b>_ 2 @—b)(D—a+b)!
D=a—b D=a—-b
2hb2b
<(1+a/2] —(a— b))(a b —a)l

By Stirling’s approximation:
b* (bleb)? b

< <
(a—0b)!(2b — a)! (a—0b)!2b —a)! a—>b

>e2bb! < 2%e%p).
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Hence for some constant Cs,

2b 2b
=Y leapl < Y (1+|a/2] = (a—b))-2"-2°*b! < Clb!.
a=b+1 a=b+1 ]

Before we can prove lemma 5.1, we need a bound on how a power series with factorial
coefficients behaves under exponentiation.

Lemma 5.3. Let p(B) = Y pook!B*. Then

k
(BB <k [+ m—1)/j% <6k

j=1
Before proving lemma 5.3, we will state a corollary that will be needed in section 7.

Corollary 5.4. With C being a positive constant, let (B) = > 1o, C*B*k! For k > n,
(B9 (B)" < (6C)*(k —n)!.
Proof of corollary 5.4. For all m, (m + 1)! < 2"m! and so

[B*T¥ (B)" < [BI(CBP(2CP))" = C2"[B"1p ()" < C¥247"6" (k — ). O

Proof of lemma 5.3. Let!,...,[, denote non-negative integers. The first inequality is
equivalent to

n k
Yoo [Tw<re]]a+@m=1/7. (5.5)

Li+..+l,=k i=1 j=1

We will show this by induction in k. For convenience, (5.5) can be written in terms of a
multinomial random variable X* = (X’f, el X’;) ~ Multinomial(k; 1/n, ..., 1/n):

k72 u , k k!
MR <<Xk) > < 1_[(1 +(n— 1)/, (Xk> - XX
j= n

For the inductive step, we construct X**! from X* by adding 1 to one of X%, ..., X* uniformly
atrandom. Lete; = (1,0,0,...),e, = (0, 1,0, ...), and so on. The inductive step is then

k+1\ 2 " k+1\ 72
nkE |:<Xk+l> :| =K £ (Xk +ei>
" k+1\ kN2
=F i
;(X((+l) (Xk)

. k+1)2+(n — 1)E[<k>‘2]
(k+1)2 Xk
k+1

. N . -2
The inequality is the result of replacing Y -_, (W) with its supremum over the range of

Xk,
The second inequality in the statement of lemma 5.3 follows from a well-known result of
Euler: } 72, 1/j* = n?/6, and so

k
log[T(1+ @ =1/ <) —
j=1 j=1 J

n—1

< (n—1n?/6 < log(6™). O
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Proof of lemma 5.1. For (a,b) € I, a < 2b. By lemma 4.3,

(Zana;, -
|an,r| Z nnab (1+Z(a—1)nab l_[|cab|

(Ma,p)ESn

Z (2n —2)! l_[|c |Vla;7
]_[nab 2n 1—>"n, b @b

(na,p)ES,
00 2n—1
n—1 b
-8 ](1+;cbﬁ> .

By lemma 5.2 and lemma 5.3, |¢,| < 62”C§‘n!. |

6. Diagrammatic estimates

The walks compatible with type-N laces can be represented by diagrams containing N
segments, with each segment building a new loop. For N = 1, 2, 3,4 and 5 we have

ANRVAVERVAVANRVAVA

Such pictures have inspired a number of simple yet effective bounds on the lace expansion. In
particular, there is a number Cyg such that for sufficiently large d , for all 7, [7]

M157(0; 1) < (sCus) ™. ©.1)

The method of diagrammatic estimates can be used to bound ﬁ;N )(0; 7), the number of walks
of length a compatible with type-N laces.

Lemma 6.2. There is a constant Cy4 such that

/2
A M(0; ) < 18] (Z Cis"n!g>(1 +s/ﬁ))

n=1

N

Proof. Let f(n,x) =n c,(lo) (x), where c,(lo) (x) denotes the number of simple walks from 0
to x of length n. Let g(n) = sup, f(n, x). The loops corresponding to memory-t laces have
length at most 7. Consider the function

G (B) =) _ B"gm).

We will show, by the method of diagrammatic estimates, that

20 1) < [B1(GT (BN (6.3)
Let (s1, 1), ..., (sn, ty) represent a typical lace of type N and length a. Let #y = 0. Note that
O)H—toe,to—t,....txn —ty_1 €{1,2,...,7},and
)0 sjy1 —tioy <t —tigfori=1,...,N—1.
Let w = (w(0), w(1), ..., w(a)) represent a typical simple walk from 0 of length a. Then

AM(©; 1) = Z Z [{o : @ is compatible with (si, 1), . .., (s, tx)}]-
@) (si)
The first sum is over the values of 71, . .., fy compatible with (i). The second sum is over the
values of sy, ..., sy compatible with (ii). Take #;, ..., fy to be fixed. Suppose that for some

8
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k=1,...,N,wehave fixed s, ..., s and w(1), ..., ®(#-1). How many ways are there to
piCk Sierand w(f_1 + 1), ..., 0(t)?
The choice of w(f—; + 1), @(t—1 +2), ..., w(#) is constrained by the requirement that

w(ty) = w(sy). The number of choices for the value of s;, is #; — f;,_;. The total number of
choices is at most g(#; — #;_1). Therefore,

A0 1) <Y gt —10)glt — 1) -+~ glin — iy 1),
()
and (6.3) follows.
Let C4 = 1000. The lemma follows from (6.3) when we show that forn =1,..., ,
/2
g(n) = sup f(n,x) < [B"1Y_ Cis"nIp™ (L +s/p) = CJ"" s~/ n /211,
* n=1
First consider n = 2m < 2d. A walk from 0 to 0 in Z? of length 2m has dimensionality at
most m. The number of ways to pick an m-dimensional subspace of Z¢ is at most d” /m!.
Using Stirling’s formula

dm
f@m,0) < @m)— @m)*" < Cj's™"m!.
m:

For x # 0,leti > 1 denote the dimensionality of x. The number j of extra dimensions a walk
from O to x of length 2m < 2d can explore is at most m — 1, and the total dimensionality of
the walk is at most i + j < 2m:

dmfl
f@2m,x) < 2m)———2-2m)*" < CPs" ™" m.
(m —1)!
Now consider n = 2m + 1 for 1 < m < d. Summing over the neighbours of x,
cg,)z A= cg,)z( y). At most 1 of the 2d neighbours of x can be 0, hence

2m+1

fCm+1,x) < (
<O (m + 1)),
Lastly, if n > 2d, ¢ (x) < (2d)". Again by Stirling’s formula
fn,x) <n@d)" < C)Pls~ 2. O

o ) [CPs™m!+@2d —1)- C}'s' ™" m!]

7. Proof of theorem 1.3

It is well known that d < u < 2d, and hence s < 8. < 2s. Let Cs € [0, Cz_l] and suppose
that C; > 10C,/Cs. Then for s > Cs5/M, inequality (1.3) holds simply by lemma 5.1. We

will show by induction that for some positive constants Cs and Cg, for k = 0, 1,2, ... and
s < Cs/k,
k
B. = Zans” + Epprst! with |Efer] < CE(k+ 1)1 (7.1)
n=1

Theorem 1.3 follows from (7.1) by taking C; = max{Cg¢, 10C,/Cs}.

To begin the induction process, note that £y = B./s € [0, 2], so (7.1) holds for k = 0
if C¢ > 2. As the proof progresses, we will impose a number of conditions on the pair of
constants (Cs, C¢). The reader will see that all these conditions can be satisfied by first taking
Cs > 1 and then taking Cs < Cg 3
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Assume inductively that (7.1) holds fork = 1,..., M — 1. Fix s < Cs/M. We need to
show that
|Epetl < C7' (M + 1)1
We will define (A;)7_, such that

4
Epyas™ = ZA,-, |A;| < -sMcM+‘(M + 1. (7.2)

We will now use the lace expansion. We have assumed that s = 1/(2d) < Cs/M. If Cs is
sufficiently small, (4.1) holds for all 7.

A type-N memory-t lace consists of N overlapping intervals. Each interval has length
at most 7, so the total length is at most Nt. It is therefore easier to use the finite memory
version of the lace expansion. Recall that if T > 2M — 2, the first M coefficients of the series

expansions for B. and §; agree: forn =1,..., M, o, = oy .. Let vt = 2M. By [6, theorem
1] there is a constant Ck such that
< 1/(52M), 0 < B — B < sM2CY M. (7.3)

If Cs > Ck, then A} := B. — B, satisfies (7.2). Let Ej, = Ey — A;. Then

B. = Z " + E5s™. (7.4)

By (4.1), we must now choose A;, Az, A4 such that
M
Ay+As+Ag+ Y as" ™ =111 (0; 7). (7.5)
n=1
With reference to the diagrammatic estimate (6.1), let
Ay=— ) (="’ ©; v).
N=M+1
If Cs < 1/(2Cyqs) and Cg > 2Cys, then A satisfies (7.2).
Let A; match the terms generated on the right-hand side of (7.5) by the laces of length
a>2M andtype N < M,

2MN

Z( DY 3" 2 M0 1Bl
a=2M
By lemma 6.2,
M 2MN N
A3l <)Y BB (Z Cis™"n1g>" (1 +s//3>)
N=1a=2M n=1
2MN N
Z(Hs/ﬁf)N > BB ](ZCZs‘”n!ﬁ2”> :
a=2M n=I
Setting x = f2, the right-hand side is equal to
M MN M N
D A +s/BN Y (CaMBEs ™! [x] (Zn!x"/M”) .
N=1 a=M n=1

10
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If Cs is small and Cg is large, then (1 +5/8,)CsMB2s™' < Cee™'Ms < 1, and

M MN

1431 < Y- Y (Coe™ Ms) [x“] (Zx n'/M”)

N=1 a=M

1
< (Coe ' Ms)M Z (va/M"> < ZsMCé”“(M+ D!.
N_

By the process of elimination, A is now defined by

M 2M—1
A4+Za,, =1- Z( Hy Z M (0; 7). (7.6)
n=1
Substitute (7.4) into the right-hand side of (7.6); by lemma 4.3, we can cancel the powers of s
below sM:

2M—1 a
Ag = Z di ”]Z( Hy Zﬁ(N)(O 7) (Zans +Ef, ) .

n=M

Recall that ¢ := Y27, |cas|. Asa; = 1and a < 2b,

a=b+
2M—-1 a—1 a
44| < Zs "1 > D leanls”™ “(kaus +|Eyls )
a=2 b=[a/2]

2M-2 —1 2b
Z s"[s"] Z Cps~ (Z o |s* + |E;4|SM> . (7.7
k=1

Expand the (-)? terms on line (7.7) and then carry out the sum from n = M to co: we will
split the resulting terms into three groups.

(i) The terms s"cp|ot;, ||ty | - - - |y, | With M < n < 2M — 2.
(i1) The terms s"cp ... with M < n < 2M — 2 that are not in group (i) because they contain
an |E},| term.
(iii) The terms s"cp, ... withn > 2M — 1.

Thinking of (4.2) as a recursive formula, lemma 5.1 is equivalent to the bound
2b

o0 o0
_ 1
et | < |[8"1 ) cos b(Z |ak|s") <G+ ).
b=1 k=1

The contribution from the first group is therefore less than

2M -2

Z s"CH (n + 1)) (7.8)

The contribution of the second group is

2M—2 nel—M M—1 2b-1
D0 s"s" D ensT" x (2b) (Z |ak|sk) |EL,|s™. (7.9)
b=1

n=M k=1
Fork =1,..., M, define & by

ars® = Jagls* + ..+ oy s |E |s

11
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We claim that the contribution of the third group is at most

2M-2 M 2b
SZM_'[xZM_l] Z cbx_b (Z&kxk> . (7.10)
b=1 k=1

By having the &x* in the (- )?? term, we catch all the terms in the third group while extracting
only the coefficient of x> ~!. [For example if M = 10, the term s28c,asa7a309 is accounted
for by the term c,5 2 (Q6s®) (@757) (@757) (@15) =

s 2 (lagls® + - ) (Jerls” + - )+ lagls® + )L+ Jagls? + -0
generated by (7.10).]

The absolute value of A4 is now bounded by the sum of three intimidating expressions,
(7.8)—(7.10). However, ¢, are controlled by lemma 5.1, and ¢, are controlled by lemma 5.2.
By the inductive assumption and (7.3), if C¢ > Ck then |E},| < 2Cé”M!. If C¢ > C,, we
have &; < (2Cs)*k!. Substituting in these bounds and applying corollary 5.4 gives

2M-2
|Ag] < Z s"C (n + 1)!
n=M
2M=2  n+l—-M

+ Y 8" (ChbY) (2b) (6 C)"™ M (n+ 1 — b — M) (2C)" M)

n=M b=l
2M -2
#5270 3 (Chb(6 - 20 @M — b — 1)L, (7.1)
b=1

Let k = n — M. On the first line of (7.11), the (n + 1)! is less than (M + 1)!(2M)¥; this turns
the summand into a geometric series. On the second line, the summand (of the sum over b) is
maximized by b = k + 1, and the sum contains k + 1 terms. On the third line, the summand is
maximized by b = 2M — 2, and the sum contains 2M — 2 terms. It follows that
M=-2
|A4] < sMCH(M + 1)) Z(s - Cy - 2M)F
k=0
M=2
+2sMcM M) Z s*(k + 1) (C5 (k + 1)1) (2k +2)(6C)**!
k=0
+s2M712aM - 2)(C3M 2 2M - 2)1) (12C) ™.
To complete the proof of theorem 1.3, we simply need to check that with s < Cs/M and
M > 1, Ayl < gsMCP (M + D).
If Cs is small, the two sums are dominated by their first terms; in particular, we can
assume that each sum amounts to no more than twice the value of the summand when k = 0.
As M —2)- M —2)! < (M + D!2M)M2,

| A4l e Ml L, 48CaCy  6(12'-2MsCIC
sMCH (M +1)! T\ Ce Co(M +1) CoM
The right-hand side is smaller than 1/4 if Cs 3> C,C; and Cs < C;°C°.

)Mfl
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